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Abstract
Strain fields, dislocations and defects may be used to control electronic properties of graphene.
By using advanced imaging techniques with high-resolution transmission electron microscopes, we
have measured the strain and rotation fields about dislocations in monolayer graphene with single-
atom sensitivity. These fields differ qualitatively from those given by conventional linear elasticity.
However, atom positions calculated from two dimensional (2D) discrete elasticity and three dimen-
sional discrete periodized Fo¨ppl-von Ka´rma´n equations (dpFvKEs) yield fields close to experiments
when determined by geometric phase analysis. 2D theories produce symmetric fields whereas those
from experiments exhibit asymmetries. Numerical solutions of dpFvKEs provide strain and ro-
tation fields of dislocation dipoles and pairs that also exhibit asymmetries and, compared with
experiments, may yield information on out-of-plane displacements of atoms. While discrete theo-
ries need to be solved numerically, analytical formulas for strains and rotation about dislocations
can be obtained from 2D Mindlin’s hyperstress theory. These formulas are very useful for fitting
experimental data and provide a template to ascertain the importance of nonlinear and nonplanar
effects. Measuring the parameters of this theory, we find two characteristic lengths between three
and four times the lattice spacings that control dilatation and rotation about a dislocation. At
larger distances from the dislocation core, the elastic fields decay to those of conventional elasticity.
Our results may be relevant for strain engineering in graphene and other 2D materials of current
interest.
PACS numbers: 61.48.Gh, 68.65.Pq, 61.72.Lk
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I. INTRODUCTION
Strain fields, dislocations and defects may be used to control electronic properties of
graphene1–4. Defects play a key role in graphene physicochemical properties and could
be critical to generate biologically compatible materials and sensors5. Experiments have
shown that vacancies and point defects produce paramagnetism3 and appropriate strain
fields induce strong pseudo-magnetic fields and Landau levels2. This may pave the way
to extending graphene electronic applications into spin-based technology. Special line de-
fects (grain boundaries) may be used to filter electrons from different graphene valleys (val-
leytronic devices)4. Dislocations play an important role in finding an accurate description of
both elasticity and plasticity in graphene. Dislocations deform graphene by elongation and
compression of C-C bonds, shear, and lattice rotations as shown6 by advanced imaging tech-
niques with high-resolution transmission electron microscopes (HRTEMs)7,8. In graphene
and other two-dimensional (2D) crystals, images of dislocation cores as defects in the crys-
tal lattice and real-time pictures of defect evolution are now being obtained9,10. Dislocation
motion and defect groupings may be accompanied by markedly long-ranging out-of-plane
buckling11,12 (theory in Refs. 13,14) and facilitated by accommodating extra carbon atom
pairs in out-of-plane blisters formed by several dislocation pairs15. Recent experiments show
that direct implantation of carbon atoms in graphene creates interstitial aggregates and
dislocation dipoles that disappear at larger HRTEM electron doses.16 Dislocation pairs with
dislocations having Burgers vectors pointing to each other11 and dipoles whose dislocations
have Burgers vectors pointing away from each other17 display out-of-plane buckling. At the
micrometer scale, there are effective computational theories of line dislocations that rely on
a mixture of theory and empirical rules for dislocation interaction and motion18. Precise
measurements and theoretical understanding at the nanometer scale could help bridging the
gap between scales.
In this paper, we have measured the strain and rotation fields about dislocations in mono-
layer graphene with single-atom sensitivity. Our measures suggest that the observed strong
discrepancies of the strain and rotation fields of graphene with conventional elasticity in
the presence of defects are due to nonlinear lattice effects that are most noticeable in the
immediate neighborhood of defects but decay in the far field thereof. While experimentally
imaged areas often contain multiple defects and distortions, dislocations that are well sep-
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arated from other defects present in the lattice allow more definite tests of theories. Since
the elastic fields of dislocations in graphene decay in about four lattice spacings to those
given by continuum elasticity,19 well separated dislocations present smaller regions in which
continuum elasticity needs to be modified. We show that strain and rotation fields deter-
mined from experiments by using Geometric Phase Analysis (GPA)7,20,21 may be compared
to results of planar and nonplanar theoretical approaches with increasing agreement. The
comparison permits to infer the in-plane and out-of-plane displacements of the carbon atoms
near dislocations in the graphene sheet.
Firstly, we can place atoms on a planar hexagonal lattice using the well known 2D linear
elasticity formula for the displacement vector about a dislocation22 if the dislocation point
is appropriately selected. When we treat these positions using GPA, we obtain strain and
rotation fields that are qualitatively similar to those revealed by experiments for disloca-
tions having one the six possible basic Burgers vectors along primitive directions. More
refined 2D discrete elasticity,23 periodized along the primitive directions of the hexagonal
lattice,24–26 produces more accurate strains and rotation that are compatible with observa-
tions. Furthermore, discrete periodized theories capture pinning and depinning of defects
by the lattice.27,28 We also show that higher order 2D elasticity theories give useful ex-
plicit formulas for strains and rotation that can be calibrated to produce good qualitative
and quantitative (up to 10% errors) agreement with experiments. In general, 2D theories
tend to produce symmetric strain fields about dislocations whereas strains obtained from
experiments exhibit asymmetries. Nonplanar effects inducing asymmetries are captured by
three-dimensional (3D) Fo¨ppl-von Ka´rma´n equations (FvKEs) discretized on the hexago-
nal lattice and periodized along primitive directions.29,30 For dipoles and dislocation pairs
comprising well-separated dislocations, discrete periodized FvKEs (dpFvKEs) predict four
stable configurations for which the graphene sheet is buckled. In two configurations, the sheet
is asymmetrically buckled, with one dislocation on a hill and the other in a trough. In the
other two configurations, both dislocations sit either on a hill or on a trough. Similar results
have been reported for dislocation loops using energy methods,11 and for dislocation dipoles
using density functional theory (DFT),17 but not dynamic simulations of the dpFvKEs as in
the present paper. By comparing GPA of experiments and of predictions by the discrete pe-
riodized Fo¨ppl-von Ka´rma´n equations, we can select three dimensional configurations that
provide better agreement. This strategy that infers out-of-plane displacements from the
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experimental image may be limited by the combined effect of neglecting defects present in
the image and of errors introduced by the numerical procedure and the image processing
software.
In short, GPA based on atom positions calculated by means of the 2D displacement
vector of linear elasticity gives a fair prediction of the observed strain and rotation fields
around isolated defects in graphene, whereas strains and rotation found by differentiating
the formula for the displacement vector (i.e., the strains and rotation given by conventional
elasticity) are way off. To get a better quantitative agreement with experiments, we need
to regularize continuum 2D planar elasticity and 3D Fo¨ppl-von Ka´rma´n equations on the
graphene lattice. An alternative to 2D discrete elasticity that gives analytical expressions
for strains and rotation is hyperstress theory. These expressions are very useful for fitting
experimental data and provide a template to ascertain the importance of nonplanar effects.
That a continuum theory (linear elasticity based on displacement vectors) gives a fair ap-
proximation to elastic fields at the A˚ngstrom scale of dislocation cores is quite unexpected.
The agreement with experiments improves when we consider nonlinear lattice and nonpla-
nar effects by using 3D discrete periodized Fo¨ppl-von Ka´rma´n equations. The combination
of planar and nonplanar theories and experiments allows to infer the more likely atomic
configuration in dislocation cores.
The rest of the paper is as follows. Section II contains the results of experiments and
numerical simulations of different theories used to interpret them. The detailed methodology
used to obtain the theoretical predictions is explained in the other sections. Section III
describes how the Geometrical Phase Analysis method produces strain and rotation fields
from images of atoms (that may come from experimental images or from simulation results).
Section IV describes planar and nonplanar discrete elasticity arising from discretizing 2D
linear elasticity and 3D Fo¨ppl-von Ka´rma´n equations on the hexagonal lattice and replacing
finite differences along primitive directions by periodic functions thereof. Section V presents
2D Mindlin hyperstress elasticity31, and it explains how parameters of the theory are fitted
with data from experiments. Section VI contains a guide to the results from different theories
and it explains how to obtain the strains, rotation and errors in the different figures. The last
section summarizes our conclusions. Appendix A contains the derivation of the displacement
vector of a dislocation in the hyperstress framework.
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FIG. 1: (Color online) (a) HRTEM image of a dislocation dipole in graphene formed by controlled
electron beam irradiation at an accelerating voltage of 80 kV. (b) Atomic model representing the
dislocation dipole shown in (a). Their Burgers vectors of the component dislocations (separated
by 4 atomic spacings) are ±(1/2,−√3/2) and the lines of extra atoms of the dislocations point
away from each other. We measure all lengths in units of the lattice spacing a = 2.46 A˚.
II. RESULTS AND INTERPRETATION
Recent work has shown that controlled focused electron beam irradiation can lead to the
formation of dislocation dipoles in graphene due to sputtering of atoms along the zig-zag
lattice direction. This method starts with a pristine region of graphene, followed by the
introduction of the defects by electron beam irradiation, and then the atomic resolution
study of the graphene lattice distortion by HRTEM. By maintaining the sample within the
vacuum chamber of the HRTEM it reduces the probability of other atoms attaching to the
defects and modifying the structure and strain in the system. Figure 1(a) shows a HRTEM
image of a dislocation dipole formed in graphene, with an atomic model in Figure 1(b). The
study of the dynamics of dislocations has shown they are mobile and can exhibit gliding and
6
climbing motion, likely driven by energy supplied by the electron beam6. GPA produces
the strain and rotation fields near dislocations6,11,15. Extended observations over long times
allow to identify extra pairs of atoms and blister defects in the lattice that help dislocation
motion15.
In our experiments, graphene was produced by chemical vapor deposition on a liquid cop-
per catalyst according to a previously reported method32. The graphene surface was spin
coated with a solution containing poly methyl methacrylate (PMMA) to provide a support
for transfer. The Cu was etched away using FeCl3, and the graphene: PMMA sample was
transferred into HCl, followed by several water rinses. After transferring to holey silicon
nitride HRTEM grids, the sample was baked in air at 300 C overnight. Atomic resolu-
tion images of dislocations in graphene were obtained using the Oxford-JEOL 2200MCO
HRTEM, with CEOS probe and image correctors, operating at 80 kV. Monochromation
of the electron beam was performed to give an energy spread of ∼0.3 meV. This provides
resolution sufficient to resolve the position of atoms in graphene.
We have analyzed the images of a number of dislocation configurations with Burgers
vectors ±(1, 0), ±(1/2,−√3/2) and ±(1/2,√3/2) (all lengths are measured in units of the
lattice spacing a). Some are shown in Figure 2. GPA of experimental images (cf. Sec-
tion III) produces the rotation and strains of the dislocations that are then compared to
theoretical predictions (cf. Sections IV-VI). In all cases, 2D predictions obtained by GPA
of lattices deformed according to off-centered elastic dislocation displacement fields or to
discrete periodized planar elasticity solutions, and 2D predictions obtained by hyperstress
fittings, provide a good agreement with experimental observations. In specific situations,
we have compared the experimental strain and rotation fields to the GPA of lattices rep-
resenting pair or dipole solutions of 3D discrete periodized Fo¨ppl-Von Ka´rma´n equations,
finding one configuration that seemed to furnish the best fit, up to errors due to numerical
approximations, image processing or the presence of neglected defects. This strategy may be
useful to distinguish out-of-plane effects, depending on the limiting circumstances. Figure 2
selects some significative tests that we now discuss in more detail.
7
FIG. 2: (a) Dislocation dipole with Burgers vectors (−1,√3)/2 (left dislocation) and (1,−√3)/2
(right dislocation), similar to that in Figure 1 but now the dislocations are separated by 8 lattice
spacings. (b) GPA generated strain field exx of a larger region that includes (a) inside the marked
rectangle. Besides the dislocations, there is a cluster of neighboring defects. (c) Two dislocations
with Burgers vectors (1, 0) separated from regions with many defects. (d) Strain field exx corre-
sponding to (c) generated by GPA. Besides the dislocations, marked by arrows, we observe grain
boundaries. (e) Isolated dislocation with Burgers vector (1,
√
3)/2. (f) Strain field exx correspond-
ing to (e) generated by GPA. In (b), (d) and (f) there are spurious defects at the lattice border due
to the finite size of the image. The presence of grain boundaries, ripples, holes and other defects
in the far field may distort the strain and rotation fields of the dislocations. The noise introduced
by true and spurious defects is reduced increasing the distance to the dislocation under study.
1. Comparison between experiments and theory
Figure 3 compares the strain and rotation fields of a dislocation with Burgers vector
(−1,√3)/2 (in units of the lattice spacing) calculated by fitting different theories to experi-
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FIG. 3: (Color online) (a)-(d): Experimentally measured strains exx, eyy, exy and rotation field
ωxy for the left dislocation in Figure 2(a) that has Burgers vector (−1,
√
3)/2. (e)-(h) Strains and
rotation field predicted by linear elasticity for an isolated dislocation with the same Burgers vector.
(i)-(l) GPA of the off-centered linear elasticity dislocation placed on the graphene lattice. (m)-(p)
Predictions of GPA for 2D dpPE. (q)-(t) Predictions of GPA for 3D dpFvKEs. (u)-(x) Predictions
from hyperstress elasticity with microstructure lengths l1/a = 3.1, l2/a = 4.1 and ρ0 = −0.5. (y)
Lattice visualization of the dislocation under study. The red box marks the region of interest, of
size 2a.
9
FIG. 4: Stationary solutions of the dpFvKEs for the dislocation dipole of figure 2(a). (a) Anti-
symmetric configuration. The left (right) dislocation in that figure sits on the peak (trough) of the
rotated view in this figure. GPA of the left dislocation in (a) yields the strain and rotation fields
of Figures 3(q)-(t). (b) Symmetric configuration. The unit of length is a.
mental observations of the left dislocation in Figure 2(a). This dislocation is well separated
from other defects present in that image. The strain and rotation fields measured in experi-
ments using GPA, panels (a)-(d), are quite different from those calculated in linear elasticity,
panels (e)-(h). Panels (i)-(l) of Figure 3 show that placing atoms on a hexagonal lattice ac-
cording to the displacement vector of a dislocation given by linear elasticity33 produces GPA
images that are close to those observed in experiments. Thus differentiating the linear elas-
ticity displacement vector produces strains and rotations that are quite different from (and
worse than!) the corresponding fields given by GPA based on the same displacement vector.
The off-centered linear elasticity dislocations relax to stationary lattice configurations
when using 2D discrete periodized planar elasticity (dpPE); cf.Section IV. The correspond-
ing strain and rotation fields improve the agreement with experiments, as shown in Figures
3(m)-(p). Nonlinear effects for stationary dislocations in 2D dpPE are restricted to a quite
small region of width smaller than 0.1a about the dislocation point, whereas lattice effects
are negligible beyond a few lattice spacings away from it.19 Then two dislocations as sepa-
rated as those in Figure 2(a) are close to the superposition of two single ones. Thus a single
dislocation is a reasonable model for the left dislocation if we use 2D theories.23,24 However
Fo¨ppl-Von Ka´rma´n equations (FvKEs) and discrete periodized Fo¨ppl-Von Ka´rma´n equa-
tions (dpFvKEs) are uniformly nonlinear22,29,30 and two dislocations placed on the graphene
sheet interact and cause out-of-plane ripples and corrugations about the dislocations. Differ-
ent initial dipole configurations like that in Figure 2(a) may evolve to four stable stationary
configurations. Two of them are displayed in Figure 4 and the other two follow from these
by inverting the sign of the out-of-plane displacement. Calculating the GPA of these four
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configurations, we conclude that the antisymmetric configuration of Figure 4(a) provides the
best fit to the experimental GPA of the dipole. There are two caveats to this conclusion.
Firstly the calculated GPA does not include the defect region near the dipole in Figure 2(b),
and secondly, the differences between the different calculated GPA configurations are not
large. The strains and rotation of the left dislocation in Figure 4(a) are displayed in Fig-
ures 3(q)-(t). Quantitative agreement with the experimental strains and rotation of Figures
3(a)-(d) is better illustrated by Figure 6 that displays the difference between experimental
measurements and theoretical predictions. Note that the antisymmetric buckling configura-
tion of Figure 4(a) is similar to that in Figure 3(d) of Lehtinen et al11 (for well separated
dislocations) although these authors considered dislocation loops (extra lines of atoms in the
dislocations pointing to each other, not away from each other as in our dislocation dipole)23.
The shape of the symmetric configuration of Figure 4(b) depends on the value of κ, fitted
here to 1 eV. The elevated intermediate region joining both dislocations almost disappears
for larger κ. As κ decreases, the curvature of the connecting region increases.
Discrete periodized planar elasticity and discrete periodized Fo¨ppl-Von Ka´rma´n equations
produce strains and rotation that resemble experimental observations (errors are about 10%
but see later for details); cf. Figures 3(m)-(p) and (q)-(t), and Section IV. Although atom
displacements from the horizontal plane may be relatively large near defects (and may
be affected by the distance to nearby defects11), their projections on the plane as seen
by GPA are small and therefore dpPE gives strains and rotation close to observations.
Gradient elasticity such as 2D Mindlin’s hyperstress theory31 (in which stress is a function
of strains and gradients of strains and rotations) gives useful explicit formulas for strain
and rotation fields (see Section V) that, once calibrated, reasonably fit observations, as
illustrated by panels (u)-(x) of Figure 3. 2D theories produce symmetric strains and rotation
(via explicit expressions in the case of hyperstress theory) whereas fields from experiments
display asymmetries that may indicate nonplanar effects captured by discrete periodized
Fo¨ppl-Von Ka´rma´n equations.
Figure 5 shows that hyperstress elasticity predicts strain and rotation data that agree with
experimentally measured ones on a circle about the dislocation point. This modification of
conventional elasticity thus fits experimental measurements and yields values of additional
elastic moduli via two microscopic lengths l1 and l2. At distances much larger than these
lengths, hyperstress theory becomes conventional isotropic elasticity. The length scale l1
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FIG. 5: (Color online) Theoretical strain and rotation fields (hyperstress elasticity: blue dashed
lines) on circumferences of radius R = 0.05 nm (0.2 a) compared to the experimental fields (red
solid line). Parameter values as in Figure 3 and angles measured in radians.
characterizes the dilatation at the dislocation core, l2 characterizes the rotation. In graphene
they are 3.1 and 4.1 times the lattice spacings, respectively, which explains why the measured
elastic fields at dislocation cores are so different from conventional elasticity predictions.
We have verified these values of the length scales using circumferences of different radii34
and also other dislocations present in the experimental data; see Section V. We have also
checked that the strains and rotation of dislocation solutions of 2D discrete periodized
planar elasticity, 3D discrete periodized Fo¨ppl-Von Ka´rma´n equations and the hyperstress
expressions qualitatively agree with each other for different Burgers vectors.
Strictly speaking, our hyperstress potential energy (cf. Section V) is the small wavenum-
ber and frequency limit of more complex hyperstress theories31. The latter consider that the
solid has a microstructure that undergoes rotations and deformations, affects and is affected
by the macroscopic strain. The dispersion relation has optical and acoustic branches and, in
the latter’s zero-frequency limit, the microscopic displacement gradients are enslaved by the
macroscopic displacement. Dislocation motion in graphene is so slow that the dislocation
field is stationary, hence well described by the zero-frequency equations used here.
Figure 6 depicts the differences between experimentally measured and theoretically cal-
culated strain and rotation fields. As anticipated from Figure 3, Panels (a)-(d) of Figure 6
show that errors are large if the comparison is made with conventional 2D linear elasticity
formulas. Figures 3(i)-(l) show that simply placing atoms on the hexagonal lattice at posi-
tions given by the displacement vector of a dislocation calculated from conventional elasticity
formulas33 produces (by GPA) strains and rotation that are closer qualitatively to exper-
imental measurements. However, this improvement is not evident from the errors shown
in Figures 6(e)-(h). Time evolution of the atoms following 2D discrete periodized planar
12
FIG. 6: (Color online) Errors comparing the experimentally measured strains exx, eyy, exy and
rotation field for the same dislocation as in Figure 3 to: (a)-(d) Planar linear elasticity. (e)-(h)
GPA from an off-centered 2D linear elasticity dislocation placed on the graphene lattice. (i)-
(l) GPA from 2D dpPE after short time relaxation. (m)-(p) GPA from 3D dpFvKEs. (q)-(t)
Hyperelasticity with the same parameters as in Figure 3.
elasticity (dpPE) or 3D discrete periodized Fo¨ppl-Von Ka´rma´n equations (dpFvKEs) with
an initial dipole configuration produce configurations whose respective strains and rotation
depicted in Figures 6(i)-(l) and 6(m)-(p) appreciably reduce the error. dpPE equations and
dpFvKEs have to be solved numerically to obtain atom positions from which GPA extracts
strain and rotation fields. As explained in Section VI, calculating the differences between
images obtained from discrete theories, such as dpPE and dpFvKEs, and experimental im-
ages introduces additional numerical interpolation errors. The displacement vector, strains
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and rotation of a dislocation can be explicitly calculated in hyperstress elasticity, as shown in
Section V. These explicit formulas give a fair approximation while avoiding to use numerical
simulations, cf. Figures 6(q)-(t). The main differences come from the fact that hyperstress
elastic fields have symmetric maxima and minima whereas experimentally measured fields
and results from an off-centered dislocation in a linear elasticity dislocation placed on the
hexagonal lattice are asymmetric. Fields from 2D dpPE become more symmetric with time
whereas they remain asymmetric when 3D dpFvKEs are numerically solved.
2. Data from other dislocations
Strain and rotation fields for the upper dislocation with Burgers vector (1, 0) of Figure
2(c) are shown in Figures 7(a)-(d). This dislocation is separated from other defects present
in the image. Compared to these fields, those predicted by 2D hyperstress elasticity shown in
Figures 7(q)-(t) are more symmetric. Placing an off-centered linear elasticity dislocation on
the graphene lattice produces tilted fields as in Figures 7(i)-(l), whereas stable solutions of
the discrete periodized Fo¨ppl-Von Ka´rma´n equations (dpFvKEs) yield the improved fields
of Figures 7(m)-(p). Calculation of errors show that the the numerical solution of the
dpFvKEs gives the results that are closer to experimental values. Solving the dpFvKEs
with different initial dislocation pair configurations like that in Figure 2(c), we find that
these initial conditions may evolve to four stable stationary configurations. Two of them
are displayed in Figure 8 and the other two follow from these by inverting the sign of the
out-of-plane displacement. Calculating the GPA of these four configurations, we conclude
that the antisymmetric configuration of Figure 8(a) provides the best fit to the experimental
GPA of the pair. There are two caveats to this conclusion. Firstly the calculated GPA does
not include the defect region near the pair in Figure 2(d), and secondly, the differences
between the different calculated GPA configurations are not large. The strains and rotation
corresponding to the upper dislocation in Figure 2(c) are displayed in Figures 7(m)-(p).
The out-of-plane displacements of the symmetric and antisymmetric solutions of
dpFvKEs correspond to different in-plane displacements of the carbon atoms. The cor-
responding two dimensional lattice projections differ, and GPA may be able to distinguish
them. Comparing the GPA of the 2D projections to the experimental GPA, we may estab-
lish which one is closer, thereby extracting information about out-of-plane displacements
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FIG. 7: (Color online) (a)-(d) Experimentally measured strains exx, eyy, exy and rotation ωxy for
the top dislocation in Figure 2(c) that has Burgers vector (1, 0). (e)-(h) Strains and rotation field
predicted by linear elasticity for a dislocation with the same Burgers vector. (i)-(l) GPA from
an off-centered linear elasticity dislocation placed on the graphene lattice. (m)-(p) Predictions of
GPA from dpFvKEs for the antisymmetric configuration of a dislocation pair. (q)-(t) Predictions
from hyperstress elasticity with the same parameters as in Figure 3. (u) Lattice visualization of
the dislocation. The red box marks the region of interest, of size 2a.
from observed in-plane displacements.
Figures 9(a)-(d) show the experimentally measured strain and rotation fields for the
isolated dislocation with Burgers vector (1/2,
√
3/2) of Figure 2(e). These figures can be
15
FIG. 8: Stationary solutions of the dpFvKEs for the dislocation pair of figure 2(c). (a) Antisym-
metric configuration. GPA of the dislocation marked with an arrow in (a) yields the strain and
rotation fields of Figures 7(m)-(p). (b) Symmetric configuration. The arrows in these rotated views
mark the upper dislocation in Figure 2(c). The unit of length is a.
analyzed similarly to the other dislocations we have discussed. For the isolated dislocation
with Burgers vector (1/2,
√
3/2), the predictions of linear elasticity are depicted in Figures
9(e)-(h), GPA of the off-centered linear elasticity dislocation placed on the graphene lattice
in Figures 9(i)-(l), GPA for 2D discrete periodized planar elasticity in Figures 9(m)-(p), GPA
for 3D discrete periodized Fo¨ppl-Von Ka´rma´n equations in Figures 9(q)-(t), and hyperstress
theory in Figures 9(u)-(x). The differences between the different discrete predictions, the
hyperstress theory and the experimental measurements are qualitatively and quantitatively
small, as shown by computing the errors the same way as in Figure 6. Hyperstress and 3D
predictions seem to provide the best overall fit.
Figure 10 represents the stationary configuration reached by a single dislocation governed
by discrete periodized Fo¨ppl-Von Ka´rma´n equations. This configuration has been calculated
under zero external stress. A second configuration obtained by changing the sign of the out-
of-plane displacements is also a solution of the same equations. Both correspond to the same
in-plane displacements and are therefore indistinguishable by GPA, unless some tension is
present in the lattice. Under tension, a dislocation buckled upwards and a dislocation
buckled downwards develop different in-plane displacements, and could be distinguished by
GPA of their lattice images.
3. Spurious effects
GPA locates precisely dislocation points and small groupings of separated defects and
gives their Burgers vectors through their strain and rotation fields. When compared to sta-
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FIG. 9: (Color online) (a)-(d): Experimentally measured strains exx, eyy, exy and rotation field ωxy
for the dislocation in Figure 2(e) with Burgers vector (1,
√
3)/2. For an isolated dislocation with
the same Burgers vector, predicted strains and rotation by: (e)-(h) linear elasticity; (i)-(l) GPA
of the off-centered linear elasticity dislocation placed on the graphene lattice; (m)-(p) GPA for 2D
dpPE; (q)-(t) GPA for 3D dpFvKEs; (u)-(x) hyperstress elasticity (with the same parameters as in
Figure 3). (y) Lattice visualization of the dislocation under study. The red box marks the region
of interest, of size 2a.
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FIG. 10: Stationary solution of the dpFvKEs for the single dislocation of figure 2(e). The unit of
length is a.
ble solutions of the discrete periodized Fo¨ppl-Von Ka´rma´n equations, it helps ascertaining
possible 3D configurations of the atoms at dislocation cores. However, we should be careful
when using GPA as its results are quite sensitive to disturbances. In addition to the un-
certainty about the presence of far away defects, we should be aware of possible spurious
effects in experimental and numerical data. In fact, selecting a finite portion of the lattice
introduces spurious defects in the strain and rotation fields at the boundary of the image,
as it is clearly appreciated in Figure 2(d). This is made clear by processing lattices with a
single numerically generated dislocation. Figure 11(a) shows the coordinates of atoms in the
field of a dislocation with Burgers vector (−1,√3/2) that have been numerically generated
by using periodized 2D discrete periodized planar elasticity. This dislocation is simply a
version of the left one in Figure 2(a) but we have eliminated all far away defects that are
present there. Thus there is only one dislocation in the lattice of Figure 11(a) but spurious
defects appear in the GPA-generated strain field of Figure 11(b).
III. GPA TECHNIQUE TO GENERATE DISPLACEMENT, STRAIN AND RO-
TATION FIELDS FROM A LATTICE IMAGE
Geometrical phase analysis (GPA) describes how the spatial frequency components (in-
terference fringes) of the HRTEM image vary across the field of view. The squared modulus
of the Fourier transform of a HRTEM lattice image exhibits bright spots corresponding to
strong Bragg-reflections. These strong frequency components provide the location of vec-
tors of the reciprocal lattice and are related to the two-dimensional unit cell describing the
18
FIG. 11: (a) Multislice image simulation of atomic structure based on the atomic coordinates
numerically generated using periodized 2D dpPE. Dislocation has Burgers vector (−1,√3)/2. (b)
Strain field exx corresponding to (a) generated by GPA. The only real defect is the dislocation in
the middle of the figure. The spurious defects at the border of the lattice are due to the finite size
of the image.
projected crystalline structure. While a perfect crystal lattice gives rise to sharply peaked
frequency components, variations in lattice spacings produce diffuse intensities in the Fourier
transform centered around the frequencies corresponding to the mean lattice spacings. The
phases of frequency components vary across the image and provide strain, rotation and
displacement fields there.20,21 GPA of a HRTEM image goes as follows:20
• Choose two bright spots in the power spectrum corresponding to two non-collinear
reciprocal lattice vectors g1 and g2. In practice, the lattice fringes giving the best
signal-to-noise are chosen.
• Select a region of interest that includes the spots and their surroundings with the
reciprocal vectors g1 and g2. By convolving each region with a Gaussian mask, we iso-
late the phase of its image Fourier component. We want to calculate the displacement
vectors in strained regions with respect to an unstrained reference area. Therefore
we also choose such a reference area and recalculate the image phases of the strained
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regions referred to those of the unstrained area. The relative image phases are
Pgj = −2pigj · u(x), j = 1, 2, (1)
where u(x) = (u(x), v(x)) is the displacement vector at the position x = (x, y) and
the Fourier component is 2Agj cos[2pigj · x + Pgj ].
• The displacement field can be determined from the image phases as
u(x) = − 1
2pi
[Pg1(x)a1 + Pg2(x)a2], (2)
where a1 and a2 are the the real-space basis vectors corresponding to the reciprocal
lattice defined by g1 and g2 (i.e., ai · gj = δij; defining matrices A and G as having
column vectors aj and gj, respectively, we have G
T = A−1).
• Strains eij and rotations ωij are determined by differentiating u(x) as in linear elas-
ticity. The distortion tensor βij can be directly obtained from numerically calculated
derivatives of the image phases Pgj by using
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(β) =
 ∂u∂x ∂u∂y
∂v
∂x
∂v
∂y
 = − 1
2pi
 a1x a2x
a1y a2y
 ∂Pg1∂x ∂Pg1∂y
∂Pg2
∂x
∂Pg2
∂y
, (3)
eij =
1
2
(βij + βji), ωij =
1
2
(βij − βji). (4)
The more developed calculations for large deformations are not often necessary (see
Appendix E in Ref. 20) though they are implemented in the software.21
The image phase has apparent discontinuities where it changes abruptly from −pi to pi. Thus
the gradients in (4) are really calculated by creating the complex image, eiPg(x), and then
taking the gradient ∇Pg = Im[e−iPg(x)∇eiPg(x)].20 In this way, strains and rotations are free
from apparent phase discontinuities and are easier to interpret than the displacement vector
(2). Note that displacements, strains and rotations are obtained with respect to a reference
configuration in the image itself whereas they are defined with reference to a strain-free
configuration in elasticity. More information about GPA and existing software for HRTEM,
users’ manuals, scripting capabilities and references can be found at the web site.21
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IV. DISCRETE PERIODIZED PLANAR ELASTICITY AND 3D FO¨PPL-VON
KA´RMA´N EQUATIONS
The free energy of a membrane subject to out-of-plane bending is
Fg =
1
2
∫
[κ(∇2w)2 + (λu2ii + 2µu2ik)] dx dy, (5)
uik =
1
2
(∂xkui + ∂xiuk + ∂xiw∂xkw), i, k = 1, 2. (6)
Here (u1, u2) = (u(x, y), v(x, y)), w(x, y), λ, µ and κ are the in-plane displacement vec-
tor, the membrane vertical deflection, the two 2D Lame´ moduli and the bending stiffness,
respectively. From (5), we obtain the dynamic Fo¨ppl-Von Ka´rma´n equations (FvKEs)
ρ2∂
2
t u+ γ∂tu = λ ∂x
(
∂xu+ ∂yv +
|∇w|2
2
)
+ µ ∂x[2∂xu+ (∂xw)
2]
+ µ ∂y (∂yu+ ∂xv + ∂xw∂yw) , (7)
ρ2∂
2
t v + γ∂tv = λ ∂y
(
∂xu+ ∂yv +
|∇w|2
2
)
+ µ ∂y[2∂yv + (∂yw)
2]
+ µ ∂x (∂yu+ ∂xv + ∂xw∂yw) , (8)
ρ2∂
2
tw + γ ∂tw = λ ∂x
[(
∂xu+ ∂yv +
|∇w|2
2
)
∂xw
]
+λ ∂y
[(
∂xu+ ∂yv +
|∇w|2
2
)
∂yw
]
+µ ∂x
{
2∂xu∂xw + (∂yu+ ∂xv)∂yw + |∇w|2∂xw
}
+µ ∂y
{
(∂yu+ ∂xv)∂xw + 2∂yv∂yw + |∇w|2∂yw
}− κ (∇2)2w, (9)
to which we have added friction terms to allow given initial configurations to relax to stable
stationary ones. Here ρ2 is the 2D mass density (mass per unit area). For w = 0, these
equations become those of 2D planar elasticity.
Discrete periodized planar elasticity (dpPE),24–26 is as follows. We discretize (7) and (8)
with w = 0 on the honeycomb lattice, periodize finite differences along primitive directions
and find the stationary configurations. To this end, we use a numerical relaxation method
consisting of setting ρ2 = 0 in the equations and solving the resulting system with initial
and boundary conditions on a finite lattice given by the exact 2D dislocation field22
u ≡ (u, v) = b 1
2pi
tan−1
y
x
+ (b2,−b1) 1− ν
4pi
ln r +
1 + ν
4pir2
(b1y − b2x)x, (10)
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for a single dislocation or by a superposition of such fields for dislocation groupings. Here
x = (x, y) and r =
√
x2 + y2. We use this dislocation field centered at dislocation points
that do not coincide with any lattice point. Our choice of boundary conditions is consistent
with the result that the elastic fields of dislocations in graphene decay rapidly to those given
by continuum elasticity.19 To reduce the effects of boundary conditions, we usually work
with lattices larger than 100× 100 lattice spacings.
In discrete periodized Fo¨ppl-Von Ka´rma´n equations (dpFvKEs),29,30 we discretize the
equations of motion (7)-(9) on the honeycomb lattice, periodize finite differences along the
lattice primitive directions and find a stationary configuration as explained above. We add
a nonzero initial condition for w(x, y) so as to obtain nonplanar configurations of dpFvKEs.
Stationary solutions provide atom positions of a stationary dislocation field. We pro-
cess these atomic coordinates using GPA, thereby obtaining the strain and rotation fields
depicted in Figure 3. We can obtain the strains and rotation of dislocation pairs or group-
ings by superposing the displacement vectors (10) of different single dislocations centered at
appropriate points.24–26
Note that the FvKEs are nonlinear due to the quadratic terms 1
2
∂xiw∂xkw in (6), whereas
their absence in (7) and (8) when w = 0 renders these equations linear. As a conse-
quence, superposing displacement vector fields of different dislocations produces the field
of a dislocation grouping in 2D planar elasticity, but a superposition of dislocations can be
quite different from a dislocation grouping in FvKEs. This is also the case with dpPE and
dpFvKEs. Periodizing discrete elasticity introduces nonlinearities and nonconvexities that
are localized in a small neighborhood of the dislocation point. However, superposing dislo-
cations still produces dislocation groupings that are very similar to the initial superposition.
This is definitely not true for the dpFvKEs: due to the quadratic terms in (6), dynamics
converts the initial configuration in a nonplanar stable one whose w-displacement may be
quite different. We have used different initial configurations with one or more dislocations
(e.g., two forming a dipole) of different Burgers vectors on a graphene membrane that may
have different types of corrugations. For a single dislocation, a stable configuration consists
of a large peak and a smaller valley nearby. The transformation w → −w leaves (9) invari-
ant. Thus a symmetric configuration exchanging the roles of peak and valley (deep trough
below the horizontal and a smaller hill above the horizontal) is also stable. In the case of
a dipole, we can adopt two symmetric initial configurations with both dislocations having
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a peak or a deep trough and two asymmetric configurations (left dislocation on the peak,
right one in the trough, or the opposite configuration exchanging the roles of left and right
dislocations). By numerically solving the dpFvKEs, we observe how the two dislocations
interact, changing the membrane curvature, until a stable buckled configuration emerges
(Figure 4). Under zero applied tension, there are two such configurations (plus the mirror
images of each one) and different initial conditions lead to one or the other. The asymmetric
configuration selected for Figure 4(a) yields a better agreement with the strains and rotation
observed in experiments (Figure 3). Including tension as a source term in (9) breaks down
the mirror reflection symmetry and allows distinguishing buckling upwards and downwards
from the different in-plane displacements. Our dynamic simulations of dpFvKEs are an al-
ternative to density functional theory calculations17, or to the energy calculations of Ref. 11
(corresponding to dislocation loops, not to the dipoles of the present work).
In our simulations, we have used a bending stiffness κ = 1 eV and 300 K Lame´ moduli36
µ = 9.95 eV/A˚2, λ + 2µ = 22.47 eV/A˚2, that are compatible with experimentally mea-
sured values37. As the bending stiffness may get renormalized by quantum effects,38 we have
repeated our dynamic simulations using different values of κ and obtained similar configu-
rations.
V. HYPERSTRESS THEORY AND ELASTIC FIELDS
2D discrete periodized planar elasticity and 3D discrete periodized Fo¨ppl-Von Ka´rma´n
equations are useful to interpret the results of experiments but require numerical simulations
to produce the elastic fields. Since having explicit formulas avoids numerical simulations,
we are interested in correcting linear elasticity to include second-order effects that may be
due to the lattice in a continuum theory. Mindlin proposed a more general strain energy
in linear elasticity theory dependent on strains and strain gradients31. The rationale of this
theory is to distinguish between a microscopic displacement of the atoms within each crystal
cell and a macroscopic displacement. In the limit of long wavelength and small frequency
and for an isotropic crystal, the 2D strain energy density of this theory is (see Eq. (12.4) of
Ref. 31)
W =
1
2
∫ [
λβ2ii + 2µβ
2
(ij) + 4ηκ
2
i + 3a1κ
2
jji + 2a2κ
2
ijk + 2fijκiκjkk
]
dx dy. (11)
23
Here βij = ∂jui = ui,j, where u1 = u, u2 = v are the components of the displacement
vector u. Sum over repeated indices is implied. β(ik) ≡ (βik + βki)/2 is the elastic strain,
β[21] ≡ (β21−β12)/2 is the rotation, κi = β[21],i is the curvature vector (gradient of the scalar
rotation β[21]), ij is the completely antisymmetric unit tensor with 12 = 1, and κijk = β(ij,k)
is the completely symmetrized tensor of the second order derivatives of u. Stability requires
f > 0 and that the combinations
l21 =
3a1 + 2a2
λ+ 2µ
, l22 =
3η + f + a1 + 2a2
3µ
, (12)
with dimensions of length square be also positive31. Setting the variation of W with respect
to the displacement vector equal to zero produces the balance of momentum equation
λuj,ji + µ(ui,jj + uj,ij) +
4η + f
2
ij(κl,lj + lmκmnn,lj)− a1(κllj,ji + κllj,ij + κlli,jj)
−2a2κijk,jk − f
3
(liκl,jj + 2ljκl,ji) = 0. (13)
We now rewrite this equation using the identity
jiαj = jiklβjl,k = βji,j − βjj,i, (14)
where αi is the dislocation density vector
αi = −jkβij,k = βi2,1 − βi1,2. (15)
This equation follows from the definition of the Burgers vector18,39,
bi =
∮
dui =
∮
dxjui,j = kj
∫
∂kβijdx dy, (16)
that implies that the displacement vector u is multivalued. Here the line integral is calculated
on a contour encircling the dislocation point and we have used the Stokes theorem. The
displacement vector of a single dislocation has a jump discontinuity as it receives a finite
increment whenever we go around any closed contour encircling the dislocation point.
Using (14), we transform (13) in
(1− l22∆)∆u +
[
1 +
λ
µ
+
(
l22 −
2l21
1− ν
)
∆
]
∇(∇ · u)
=
{
(b2,−b1)
[
1 +
(
l22 −
2l21
1− ν +
2a1
µ
)
∆
]
− 2a1
3µ
(b2∂1 − b1∂2)∇
}
δ(x)δ(y), (17)
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FIG. 12: (Color online) Theoretical strain and rotation fields (hyperstress elasticity: blue dashed
lines) on circumferences of radius R = 0.025 nm (0.1 a) compared to the experimental fields (red
solid line). Parameter values are l1/a = 3.1, l2/a = 4.1, ρ0 = −0.5, and the angles are measured
in radians. Data correspond to the dislocation of Figure 3.
where ∆u = ∇2u. Solving this equation as indicated in Appendix A produces the dis-
placement vector of a static dislocation with Burgers vector b = (b1, b2) centered at the
origin:
u = b
1
2pi
tan−1
y
x
+
(b2,−b1)
pi
{
1− ν
4
ln r +
(
ν
2
− 1− ν
3µl21
a1
)[
l1
r
K1
(
r
l1
)
− l
2
1
r2
]
+
(
1 +
a1
µl22
− l
2
1
(1− ν)l22
)[
K0
(
r
l2
)
+
l2
r
K1
(
r
l2
)
− l
2
2
r2
]}
+ x
b1y − b2x
pir2
{
1 + ν
4
+
(
1 +
a1
µl22
− l
2
1
(1− ν)l22
)[
K2
(
r
l2
)
− 2l
2
2
r2
]
+
(
ν
2
− a1(1− ν)
3µl21
)[
K2
(
r
l1
)
− 2l
2
1
r2
]}
.(18)
Here Kν(x) are modified Bessel functions
40 and r =
√
x2 + y2. The length l2 and the
parameter ρ0 =
a1
µl22
− l21
(1−ν)l22 control the rotation field whereas l1 is related to the dilatation.
By fitting experimental data as shown in Figure 5, we have estimated the values l1 = 3.1b,
l2 = 4.1b, ρ0 = −0.5 (b = 2.46 A˚ is the graphene lattice spacing) which yield a1 = 163.28 eV,
a2 = 398.32 eV and η+
1
3
f = 639.95 eV. We have used the same values of the Lame´ moduli
as in Section IV,36 µ = 9.95 eV/A˚2, λ+ 2µ = 22.47 eV/A˚2. Figures 12 and 13 show that the
same values of l1, l2 and ρ0 fit the elastic fields on circles of radii R = 0.025 nm and 0.1 nm
about the dislocation point, respectively. Experimental data for larger radii are too noisy to
be trusted. We have also checked that the same values of the parameters fit experimental
data for the dislocations with Burgers vectors ±(1, 0), ±(1,√3)/2, (1,−√3)/2, and for the
same radii as in Figures 5, 12 and 13.
As hyperstress elasticity is a linear theory, we can obtain the displacement vectors, strains
and rotation of dislocation pairs or groupings by superposing those of different single dislo-
cations (18) centered at appropriate points. The observed differences with measured values
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FIG. 13: (Color online) Same as Fig. 12 for R = 0.1 nm.
may be due to nonplanar and nonlinear effects (e.g., membrane buckling) that induce addi-
tional asymmetries and rotations with respect to the predictions of our 2D theory, or noise
due to the presence of other defects and limitations of the GPA software.
The strains and rotation can be obtained from (18). We first calculate its gradient,
∇u = b(−y, x) 1
2pir2
+
(b2,−b1)x
pir2
{
1− ν
4
−
(
1 +
a1
µl22
− l
2
1
(1− ν)l22
)[
K2
(
r
l2
)
− 2l
2
2
r2
+
r
l2
K1
(
r
l2
)]
−
(
ν
2
− 1− ν
3µl21
a1
)[
K2
(
r
l1
)
− 2l
2
1
r2
]}
− x(b2,−b1)
pir2
{
1 + ν
4
+
(
1+
a1
µl22
− l
2
1
(1− ν)l22
)[
K2
(
r
l2
)
− 2l
2
2
r2
]
+
(
ν
2
− 1− ν
3µl21
a1
)[
K2
(
r
l1
)
− 2l
2
1
r2
]}
+ I
b1y − b2x
pir2
×
{
1 + ν
4
+
(
1 +
a1
µl22
− l
2
1
(1− ν)l22
)[
K2
(
r
l2
)
− 2l
2
2
r2
]
+
(
ν
2
− a1(1− ν)
3µl21
)[
K2
(
r
l1
)
− 2l
2
1
r2
]}
− xxb1y − b2x
pir4
{
1 + ν
2
+
(
1 +
a1
µl22
− l
2
1
(1− ν)l22
)[
r
l2
K1
(
r
l2
)
+ 4K2
(
r
l2
)
− 8l
2
2
r2
]
+
(
ν
2
− a1(1− ν)
3µl21
)[
4K2
(
r
l1
)
+
r
l1
K1
(
r
l1
)
− 8l
2
1
r2
]}
, (19)
thereby obtaining the following strains and rotation
β11 =
b1y
pir2
{
1 + ν
4r2
(y2 − x2)− 1
2
+
(
1 +
a1
µl22
− l
2
1
(1− ν)l22
)[
y2 − 3x2
r2
(
K2
(
r
l2
)
− 2l
2
2
r2
)
− x
2
rl2
K1
(
r
l2
)]
+
(
ν
2
− a1(1− ν)
3µl21
)[
y2 − 3x2
r2
(
K2
(
r
l1
)
− 2l
2
1
r2
)
− x
2
rl1
K1
(
r
l1
)]}
− b2x
pir2
{
ν
2
+
1 + ν
4r2
(y2 − x2) +
(
1 +
a1
µl22
− l
2
1
(1− ν)l22
)[
3y2 − x2
r2
(
K2
(
r
l2
)
− 2l
2
2
r2
)
+
y2
rl2
K1
(
r
l2
)]
+
(
ν
2
− 1− ν
3µl21
a1
)[
3y2 − x2
r2
(
K2
(
r
l1
)
− 2l
2
1
r2
)
− x
2
rl1
K1
(
r
l1
)]}
, (20)
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β22 =
b1y
pir2
{
ν
2
+
1 + ν
4r2
(x2 − y2) +
(
1 +
a1
µl22
− l
2
1
(1− ν)l22
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3x2 − y2
r2
(
K2
(
r
l2
)
− 2l
2
2
r2
)
+
x2
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K1
(
r
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ν
2
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r2
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K2
(
r
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(
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pir2
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4r2
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2
+
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2
1
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β(12) =
b · x(x2 − y2)
pir4
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β[12] =
b · x
2pir2
{
1−
(
1 +
a1
µl22
− l
2
1
(1− ν)l22
)
r
l2
K1
(
r
l2
)}
. (23)
Here β11 = exx, β22 = eyy, β(12) = exy are the strains and β[12] = ωxy is the rotation. The
dilatation is
β11 + β22 =
b2x− b1y
2pir2
[
1− ν +
(
ν − 2a11− ν
3µl21
)
r
l1
K1
(
r
l1
)]
. (24)
The modified Bessel functions in these formulas decay exponentially fast at distances from
the dislocation point that are much larger than l1 and l2. Then strains and rotation become
those of conventional elasticity.
VI. GUIDE FOR USING THE DIFFERENT THEORIES
Figures 3, 7 and 9 depict strain and rotation fields calculated by the theories described
in Sections IV and V:
• The strains and rotation for linear elasticity are obtained by differentiating the dis-
placement vector (10). Equivalently, removing all terms involving modified Bessel
functions K1, K2, and the parameters l1, l2 from Equations (20)-(23) and setting
β11 = exx, β22 = eyy, β(12) = exy and β[12] = ωxy. The level curves of strains and
rotation are very different from experimental ones in Figures 3, 7 and 9.
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• The strains and rotation for hyperstress theory are given by Equations (20)-(23) of
Section V and setting β11 = exx, β22 = eyy, β(12) = exy and β[12] = ωxy. Note that
the level curves of strains and rotation are round and positive ones are symmetric to
negative ones in Figures 3, 7 and 9.
• Off-centered linear elasticity strains and rotation are obtained by first replacing points
(xi, yi), i = 1, . . . , N of the hexagonal lattice
24 by (xi +U(xi− x0, yi− y0), yi + V (xi−
x0, yi−y0)), where (U(x, y), V (x, y)) is the elastic displacement vector (10) and (x0, y0)
is a point (different from any lattice point) selected so that the deformed lattice con-
tains the appropriate heptagon-pentagon defect. Then atom arrangement in the de-
formed lattice is visualized by standard scientific software such as Matlab and GPA
produces the strain and rotation fields of the resulting image. The origin (x0, y0) is not
unique and is chosen by trial and error. As a result the quality of the approximation
varies as can be appreciated in Figures 3, 7 and 9.
• Strains and rotation for discrete periodized planar elasticity are obtained apply-
ing GPA to images of the deformed lattice (xi + u(xi, yi), yi + v(xi, yi)). Here
(u(xi, yi), v(xi, yi)) is the stationary solution of (7) and (8) with w = 0 after they
are discretized on the hexagonal lattice and finite differences are periodized as indi-
cated in Reference 24. The stationary solutions are found by the numerical relaxation
method of Section IV with initial condition given by the above mentioned off-centered
configuration (xi + U(xi − x0, yi − y0), yi + V (xi − x0, yi − y0)). For large lattices, the
resulting dislocation core does not depend on the choice of (x0, y0).
• Strains and rotation for discrete periodized Fo¨ppl-von Ka´rma´n equations are obtained
applying GPA to images of 2D projections (xi+u(xi, yi), yi+v(xi, yi)) of the deformed
sheet (xi + u(xi, yi), yi + v(xi, yi), w(xi, yi)). Here (u(xi, yi), v(xi, yi), w(xi, yi)) is the
stationary solution of (7) - (9) after they are discretized on the hexagonal lattice and
finite differences are periodized as indicated in Reference 29. The stationary solutions
are found by the numerical relaxation method of Section IV with initial condition given
by an off-centered configuration (xi+U(xi−x0, yi−y0), yi+V (xi−x0, yi−y0),W (xi, yi)).
Here W 6= 0 at the dislocation core so as to obtain a nonplanar configuration.
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To plot the differences between GPA of experimental images and the results obtained
from theories (called errors in Figure 6), we need to understand the different data we are
comparing. GPA of an image produces strains and rotation on a Cartesian grid and the
maximum of exx gives the approximate location of the dislocation point. Linear elasticity
and hyperstress theory yield analytical formulas that can be evaluated at any point of
the same grid (with the same dislocation point). GPA of off-centered elasticity, discrete
periodized elasticity and discrete periodized Fo¨ppl-von Ka´rma´n equations produce strains
and rotation on a cartesian grid that, typically, has a different step size from that of the
experimental image. The location of the dislocation point is given again by the maximum of
exx. To plot the differences in Figure 6, we need to interpolate data from one cartesian grid
in the other one and subtract. Interpolation introduces numerical errors in the core region
that are absent when comparing with analytic formulas (linear elasticity and hyperstress).
Discrete theories (off-centered elasticity, discrete periodized planar elasticity and discrete
periodized Fo¨ppl-von Ka´rma´n equations) produce images of dislocation cores that are similar
to the sketches in Figures 3(y), 7(u) and 9(y) except that the distances between atoms at the
core are slightly different. An arbitrary choice of (x0, y0) in off-centered elasticity results in
some distances between atoms being noticeably longer or shorter. Discrete periodized planar
elasticity homogenizes distances between atoms. Discrete periodized Fo¨ppl-von Ka´rma´n
equations modulates the 2D projections of atom distances by coupling to the out-of-plane
displacements.
To distinguish in-plane displacements from out-of-plane ones, we have to combine theoret-
ical results and experiments. Our strategy consists of (i) generating numerically a collection
of three dimensional defects with different possible out-of-plane and in-plane configurations
that solve discrete periodized Fo¨ppl-von Ka´rma´n plate equations, (ii) generating their strain
and rotation fields with GPA, and (iii) comparing those fields to the GPA fields of the exper-
imental images. Among different defect configurations provided by theory, we select those
providing the best agreement with experiments.
VII. CONCLUSIONS
In summary, we have measured strain and rotation fields near isolated dislocations and
dislocation pairs by using GPA of atomic resolution images obtained by an aberration-
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corrected TEM operating at 80 kV. We have compared them to numerical solutions of
stationary discrete periodized planar elasticity (dpPE) and discrete periodized Fo¨ppl-Von
Ka´rma´n equations (dpFvKEs) treated by GPA, to planar isotropic hyperstress and to con-
ventional elasticity. We have found that GPA of planar results are close to GPA of 3D
ones. While standard linear elasticity gives strain and rotation fields that are qualitatively
different from experiments, discrete periodized planar elasticity agrees qualitatively with
them. Quantitative discrepancies and asymmetries may indicate 3D effects and the pres-
ence of corrugations, in which case discrete periodized Fo¨ppl-Von Ka´rma´n equations may
improve quantitative agreement with experiments up to effects due to far away defects or
to limitations of microscopy or GPA as illustrated in Figure 11. dpPE and dpFvKEs have
to be numerically solved to obtain atom positions and, from GPA, strains and rotations.
Analytical formulas are much easier to use to fit experimental data. Hyperstress theory
is a simple continuum theory that retains second-order lattice effects and therefore may
be brought to be close to dpPE by fitting parameters. We have solved it analytically for
the elastic fields about a stationary dislocation and fitted its new material moduli by using
the experimentally observed strain and rotation. The microscopic dilatation and rotation
lengths of hyperstress theory are about 3 and 4 times the graphene lattice spacing. At much
larger distances from dislocation points, hyperstress fields become elastic ones.
Discrete periodized planar elasticity and the discrete Fo¨ppl-von Ka´rma´n equations are
based on displacement vectors. We have the paradox that, on the one hand, conventional
2D linear elasticity gives strain and rotation fields that differ qualitative and quantitatively
from those measured at dislocation cores in graphene. However 2D linear elasticity gives
surprisingly good qualitative descriptions of the measured strains and rotations in our ex-
periments, provided these fields are calculated by GPA of atomic positions based on the
displacement vector of dislocations on a lattice, and not by the usual formulas of continuum
mechanics.
Information about out-of-plane displacements may be obtained from in-plane observations
by solving the 3D dpFvKEs and comparing the GPA of numerically calculated configurations
and of experiments. In fact, this comparison allows to distinguish between symmetric and
antisymmetric configurations of dislocation dipoles and pairs that are possible solutions un-
der zero applied tension. Furthermore, each (symmetric or antisymmetric) configuration of a
dislocation dipole or pair admits a mirror configuration with respect to the horizontal plane.
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In the presence of tension (due to imperfections or far off defects), they can be distinguished
and comparison with experimental GPA may be used to decide which theoretical config-
uration produces the best fit. Our results are clearly applicable to other two-dimensional
materials of great current interest5,35.
Appendix A: Derivation of Eq. (18)
To solve Equation (17),22 we first extract the part of u that has a jump discontinuity and
is responsible for providing the Burgers vector (16),
ud = b
1
2pi
tan−1
y
x
+ (−b2, b1) 1
2pi
ln r, (A1)
∆ud = (−b2, b1)δ(x)δ(y), ∇ · ud = 0,
∮
dxju
d
i,j = bi. (A2)
Then the following equation holds for w = u− ud
(1− l22∆)∆w +
[
1 +
λ
µ
+
(
l22 −
2l21
1− ν
)
∆
]
∇(∇ ·w)
=
{
2(b2,−b1)
[
1 +
(
l22 −
l21
1− ν +
a1
µ
)
∆
]
− 2a1
3µ
(b2∂1 − b1∂2)∇
}
δ(x)δ(y). (A3)
We use the Green function of the operator (1− l22∆)∆ to write
w = w0 + w1, (A4)
w0 = Γ(∇)
[
ln r +K0
(
r
l2
)]
, (A5)
Γ(∇) = 1
pi
{
(b2,−b1)
[
1−
(
l21
1− ν −
a1
µ
)
∆
]
− a1
3µ
(b2∂1 − b1∂2)∇
}
, (A6)
(1− l22∆)∆w1 +
[
1 +
λ
µ
+
(
l22 −
2l21
1− ν
)
∆
]
∇[∇ · (w0 + w1)] = 0. (A7)
Clearly (1 − l22∆)∆(∇ × w1) = 0. Then (1 − l22∆)∇ × w1 is a harmonic function that
vanishes at infinity. Thus (1 − l22∆)∇ × w1 = 0. The Green’s identity
∫
v(1 − l22∆)v =∫
(v2+ l22|∇v|2)− l22
∮
v∂nv shows that the solution of (1− l22∆)v = 0 that vanishes at infinity
is v = 0. Then ∇ × w1 = 0 and w1 = ∇φ. Substituting this into σij,j = 0 and using the
decay condition at infinity, we obtain the equation(
2 +
λ
µ
− 2l
2
1
1− ν∆
)
∆φ = −
[
1 +
λ
µ
+
(
l22 −
2l21
1− ν
)
∆
]
∇ ·w0. (A8)
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This equation can be written as
(1− l21∆)∆φ =
[
(1− l21∆)−
1− ν
2
(1− l22∆)
]
b1∂2 − b2∂1
pi
[ln r
+
(
1 +
2a1
3µl22
− l
2
1/l
2
2
1− ν
)
K0
(
r
l2
)]
. (A9)
Its solution is
φ =
b1∂2 − b2∂1
pi
{
1 + ν
8
r2(ln r − 1) +
(
l22 +
2a1
3µ
− l
2
1
1− ν
)[
ln r +K0
(
r
l2
)]
+
(
ν
l21
2
− a1(1− ν)
3µ
)[
ln r +K0
(
r
l1
)]}
. (A10)
Since u = ud+w0+∇φ, putting together (A1), (A5) and (A10), we obtain the displacement
vector (18). We have checked numerically and also using Mathematica that (18) solves (17).
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